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ELASTIC LO ING OF -w J.LED RIGH Pl\lAl' ~LJII CYLINDERS 

by '. • III and B. VOD 

.0 consid r a thic -~ led cylinder au itted to unito Y di tributed 

internal and exte~ pres ures and a ol'mly distributed 10 tudinal 

load and e stab11 the r luti loads ucl that the cy-

linder doce not undergo last1c d fo iion. For thie the 

cr! tera of Von .iees and of Treaca as 11 s a linc izod form of th 

cr1teri of e intrinsic curve ot ohr-Caquot. e describe a phio e-

thad whioh allows the resolution ot theoe probl s in a more varied manner 

than thnt of the calculation. Wr finish ith 8Ovoral r on tbe condi-

tions and 1 its in tho u e of this thode 

A hollow cylind r of circular cross-" ti n ( figure 1 ) 

i sulni tted to in to P.i. • ext mal Pe and longitudinal Pe uniformly 

distributed re au a, the 1 iti.n8 !aU • 1 e. l ' it in 

which the va e1 undergoes no d fomat1 • b tv n theso quantities 

are establish • The rolatio 

ditions. (X) 

ref'el"l'C9 to 01 tic 10 in8 con-

(X) Throu t this per 0 will u "oD,b.t10ns of elastic load! 

Fr nch "co 1 t10n de port mce est.:. ue • A bettor xp ion Il t 

limit 10 w. 

1 . 

f'or the 

" la tic 



We 111 

th critcri 

cyllnd r. 

o in "'H.<rHl< 0 
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th 
1 t 

t1 for t cn teria ot p tic1 ty : 

Coquot 2 and fi.na.lly , that of '!'rose ~ 
of ' g1 V.6 .. a; ,ci oren tial 0; , 

8 8 fUnction of ~ , ~ and P" in the follo ring fom I 

tomnl 

tio 

of the 

1ng ori taria w 



1) 5 

• f\UlOtio of t paR· JPtlPe 
((Ii - Cli)t+(ae -OJ)\{OJ- 0;)'<.2. cr.; 

enll"l"l'lsing t 

in the re1 tion of Von at 

a ob in tho COl ti n of elaatio 1 1ng co ing to th1 crt ~'-..Lli.I,"" 

~~l)t[3i'. ;I(fl·-Per+p/+~"~~ _2.$.tNPe 
+f't .. (~._t)'-+2p': IJ(~L f) -2. P .. p,$..(lk 1J<..l (J.~ 

who a;is 1aetio 1 t of th tari for FUrO n ion. Th loft hand 

proB ion for r art: it is n t t p1 tic 

dofo ti will occur, it r fir t at th internal d otor of 0 cylindor 

hate r m1 t ro at!n values of Pi and pe, or simultan ouely il the 

ntire th1ckne of t 10 c:.r1ind r for the particular case pi ape • 0 

andPL .± (h. 

If no take tee hero a Jlll tic tie ... ·ul"t tion 1s poG iblo, lie 

ould writ r -r.c.. and tho in quality in tlO above c uat ion ul;comea equa-

lity. On iho ,iJI'eosuro apace p,' tp~ , Pe ' the ourface descri'boJby thi uality 

i an elliptic cylindor with its axis inting in the di ctlon ( IJ I, 1" ). 
The olliptic oro.... cU n vari 0 bo~ in bon ion and orient tion .ith tio 

k = f~ · 'l'b f c a only a 10 a Pt..' and Pe pooitiv , 
whil (',., - _ ~ , 

re - .". (r."- t'" J ' 
o 1t1Yo, ne tiv eor iIhing, dopending on the value and s1' (t 'n 10n 

or C B 100 ) of the 1 . tudinal ad L. 

In ord r to t-.. dy this surf. c. e tr 

n to th ~ w.'J Z ( both 'e J 
coinoid t with tl e cinor and 

while Z, pa.ral1 to the b no: 

equal 1 • 1:0 PL. ~e • rQ. • 

jor u.ee of t 

Urie or the 

fer f t e sy to of W&QS Po Pel 
1 ),V nnd . , bein respectiv~ly, 

0111.30 of t normal eros action, 

lipUo oylind r is inclined 

( 5 ) Co tri ut1onal'6tud de la rJ itstnnce des cylindrea Gpais elasto-plaatiquoB ~ 

• Doct. a'Univ rait6 P~ris 1961 
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• The d~ ione of th ell1 of t e no 

o.(M-I) 

V4 ~t-/t1-t-1 + V1-I1J,-t ION' -2. /11"1 
a;. (M - 1 ) 

V4f1t -M+ I-V7/W1~ +10M'~ - 2/1 + 1 
-

Croa&-SIOC tion 

bile it or! n tion 

p,,) P." / Pe 

, • p' t1v to projections P~J PI J e of the e 

1f pe micular to Z i d temined b¥ the 

follo 

\jI • (v. I~ l +O,{.//IJ t+ 1 , 
(~/W~)'+(~/WJ);'l 

h 1'8 ~ = 3M l (M-1J -tXt 
l-1 3 M2( M-I) - M~, 

% _ 3M'i.(M-f)'lt{M-tJ,!, 
~ - 3Mt( M-I)l-{3M-tI) Mj. , 

x: 
Xt 

, 
e V. Pe , 

W)(. = 3M·(M-/} +$1. J 

W. 3M~( M-I)-MX~ 

\til _ 3M'CM-I)'l .... (M-I)$1. 
7Wl - 3 Mt( M _1)1 -(3M-tI)MX'l ' 

r k .. l,correeponding to a h,ypoth6'cal cyliuder of zero We -' 

elli 1e to & liDo ( ro surf oe ) alOll& p~ . For k - 00 

correepond to cylinder of n!1nite thic or to C ,plllar,y tu • the 

1m iOWl· i t in tl e fi[5UI'6 2. 
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--Nov, if in t S 8 we pro nt t load by tho v tor OP 

vi th components P4,,' P(.' Pc -' e can make the follo«ing 9 a 
1) pI stie flow is onl 15011>10 11 l? lie on the 11i tic cylinder; 

2) s1nce the hydrostatic 1 i scnted by a v ctor rallel to t 

only the com n nt of OP in t' ~ Tr 1e n~ary for dete in r 

the tar1&! do 8 or does not in IBBtiC. 

J) 'J.b ellipse correspond to k .. 00 having a finito dim neion confi s the 

kno~ result that f1nit st to of 10 i ffici t to creato a ~ otic defo~ 

tion in a cylinder ad inf1n1t thiokn • 

The c nd. .-lnUl'UCII.. 1 s to he eatablishment of hie ethod pe i tUng 

the reoolution of tvo type of . ptobl a lLltive to laotic • On th firot 

A t ' id' t t 'J J t od 11 th V gra 11 oqu l. an 0 P.c:.' Pt ' PL c as we a e axes 
for different values of X. or th e values one t ce on tr parent per 

B sorielS of gra corrclS ndin8 ellip B. The n her of these 

phs i l ' it both by t interpolations and fact that k = 4 

oonstitutes a 11m.itin« valuo In otic. Finall one obta now im.plificntion 

by ooaling th eal.8n to '1'/2 on lett ITo . 1. 

i th follo' . :" 1 k and 0; determine wlftther 

phaA 
r tl: loa p"",- J Pe J Pe II • e au r ~ 

"""'"~'ei th axes V coincide 0 tees t e iJrojection of OP 

on th lane TT 

o/cr.' '%0. The oylind r 
falls insid ( fi 

iOn t onto p~ J Pe ' r~ re yectiv y p~ , 
oos or 0 B not in elastic according to ~er p 

, ) or on t 11i • 

In o find followi . ell-known re 1 t & 

t cylinder can itl! 

ual to • in t ca 

internal pre 

ere Pe 

~ (~-1it.) 

p~ 
1 ro 

~ (-1- -Yi~)jV-1 + 131" 

elastically 

for 0. clo oylind r. 

for an open cylinder, 

for .. plan t ...... " condition. 
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Th co typo of probl c a It giv a cylinder character!: 

zed by k and \JO and tt to an 

BUen that ~'" ill '00 and find this v 

tr cas OC = ~ :.t.rxl Ll paralled to re and. ~l.~t to th a1l1p • On then d 

duces that Pt c: 00 CD and FL Vo • (e f 4 ) . 

Th dete in tion of th O.Lt ell thod 

alloys one to obt in t. 

AWE C 

~. = r. + ~ (~- ~ ) "" e \f1 i. ... rt re = e. -~ .. 
ri=~ +Pe ~ ~ = ii(!>+~)+ re 

re = Pe +00 V -1 + )1.31.4 ~ ~. = n"'S 3&1.t.1 
-4" e Q US,.. ,. 

re- p..:+~(1-~1.) fl ~ -~ . +OO e-;t, VI 

Pe= P4+~ ~ ~Q = ri +iti-1-i~ 
Pe = ~+- QOV-1+J3llt ~ r~ =~-~(~-i~/I 
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c 

or lifioatio utiliz a linearized intrinsic curve obt · by 

drawing tho tane"ents D to the circle of di tors CTo aM oe where 0; and oc. 
b olut values of the ela tic l imit for pure tension and pure co pronsion 

( soo fi l1re 5). 

i lastic flow at a point in the wall 01 t 10 cylinder if local 

values of th corsh:aints are such t t the oirclo of ohr constructed y the major 

OM and the !nor ~ stresse is tan.aent to or cu ta the lin 8 D • 

In t l~itin« c 

ii 5 ows that ona ha I 

ere this circle io -u ..... t to the lin D 

hr cirel = <T...,-<:r", = b eos 0(. _ UM.O'"." SIn 0( -' 
2. 2. 

ius of th 

vh re ab ci of the c nt r of thi circle ~ 

while t eq tiOIll ropre~nt the ta 

On not· t t one c 'rite $'" a( = (Jc:. - 0-0 
O"'o+ac 

b COSo(.c OOCTc in the proced quati on, the neccs ry ondit1on 

cylind r 1'0 8:s+mst10 8 d by t "in uality 

<TM - o-m <To <:::. 00 . 
oc. 

ts D. 

t the 

Accordin to the relative 

tion is written in six diffe t ways I 

it des of the principal strc s this equa-

J 

th throe other f orma being obt ained by er. tnti on of <TM and V", • 
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o expre a 

in the , "._--__ 
t expression l' Co! .B:..::...&.., rt -;(,. :"1-

prine! 

it!_ 

which i 

for these t c. BUl t of this eire ' 

a 1'uncUon of the 

t xp 1008 
1oUGA".......... for t D t r; • lhi for tho en ter1um of VOh 

10 8, pl etor. 

the l' 't i th t I:: t i. th in ual1t1 wr1tt in 
th follo fo a 

T+ {t. 2it u;-
Pc; 18.t_1 -Pt!p.t._ t + ~ p, = ~ , 

~·ff-O;-/(R. -t-R."(f"'lJ;llTc21_~ = a;: &'--1 
~ 2R.... . ) fF 

- ~ + ~ p~ :: (J;" 

P 8 in th up 08 . Pi I Pe 1 Pe • 
to dot by thair traces on t.a planes , 

porpe iculnr to th line P,'IS 17 JC' P e • 
In order to 0 tlli 111 utilize n CDO inatc &yet Y. , Z ere the ax1a 

coine d 9 wit the line Pt.' Pe = P e hile ' i t th int rs eUon of th 

ane fo by tho coordinates p~ p. d the plano 7T porpondicul to Z 

pass thro the ori n. Undor the cond1 tiona the ,n orthonoraal v etors are 

written an function of th old coo iouta yet . in th follow' ~ 
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A.L_ ~ 21_ ..... -1/_ ~ 
- /v" f.(. -+- /~ b tt - !vG Pc, 

-.. 
v .. 

-. - -1f2. P; + 1~i 

-Z .. -V'fl ;r +- -Y\Tl i + -ii r: 
Inve 17 th vooto 

the new ~st b,y a 

-. AI --. ..( -. -1f --a = - IVG V - YVi W + /lJ3 ~ 

Fe = o/u; v + 16 y 

-;;; = -1~ v + 1lfi W + "% ~ · 
the t10 of t 1x p1 d ri 

wri tten in th ne . 1cate 10 ( or q; =1= <JC ): 

v- V3 3 8.1~1 W + 1- (J; {crt. \ If: Z + a;; V6 , 
(1) - t+'lrJ:I(JC 41.-1 1+,-r:J;/(fi v' '+2. o;/(Jc 
() "V= yr f3g1.+1 +.Q!.]W .... Vl2.. + 0;1{6 ) 

1-0: foe r 4'-1 (fc. , - (fO 1Cfi. 
(,n~-- a;JfJC Vi w - 1-u:./rc vr Z _ q; \f6 ) 

- !-t~;rrc t+CJo/OC l-t-(f: /rrc 
(1 ' ) V~ '{fa-lac '?t'+l w- j-(}./fTc. .. vz: 1. _ (To v;- ~ 

'-~ cr; I lJC I ~- 1 !. + a; lac 1.. -torr. lac.. 
(2 ' ) V:::. - v3 r.~ '-"+1. Jl!..+f] W+vr Z + <ro W ) 

1-(fo/Cfc. L I~ - f (f( I-tro/ae 
(, ,)~ __ Vi W+ 1- fro/as VZ ~ + cr. V6 • 

- f-rZ (JO/(f(. 1 +! cr./ac 1+2 (j;,/(f( 
o on cutt t plan ~ Z = con t . obtain 1x 1 

hi.o for. the d contour. 

Ono no s th t t 10 of tio <r. / (Jt. 
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(except for the line ,and J' ). 

Further th ir ordu18te inUlr tiona are functions of cr. lac and 

in Ttl1 gnifie 

t t.contrary to tho crit ri of t the ext nt of tb 1c d :in in the 

P t ca i no 10 r indo nd t of the hydro n~--F~ vector. 

On can further not that th t sy t of os V, W, Z, V axis coincides 

with tho projec t10n P} of P font l:b 7T. Th f1 1'0 6 ovo he one 

o en 1ly traco tho contour corres 1ng to given 0 tho c tants 

q; I eTc) k, d of tho variabl 2. Tho £ ct that the lino 1 and ,. beside , 

and l' inte et on p) 0 lino l' am 2' 011 s 1 and 2 and n1 0 

, " int r t on p~ uces fr 12 to 6 the n bor of coo inate to 

calcula • 

The f1 7 in onlarcos 4S Z inc St the 
linoa forming the contour re ining rall 1 to t 1 vo • . 

The gr pilie thod d acri in the P 

in thi ease. It 1 1 'Y the fact that tho onsions of the 

tion of Z. but on tho other 1t 1 

conside ly 11 :Led t that the V V 1xed 1"0 ti to 
I I ) 

tho axes Pi. / 12 / Pe . 
5 , -~~~~~~~~~~~~~~~~~~~~~~ 

lettin a:- c: (J( th lines D of the e 0" .J q- b 

parall 1 and the cd t ri: of o~Caquot rcduo to that of Troeo • 'l'h eq 

tiona of tho plan are n I 

p,. It- ,1- !J.J.'- +~= ± ~) - Pet:J._1 (.[1.-1 

Pt.. -Pe - ;±(J; i..z-f 
) 

24. 2 

- + - - (To • 
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In the space V. V, 

plane 

1 ) 
1Q) 

2 ) 

2' ) 

arc reduc 

V_ 1 -V3 

W = =t-

-11-

Z def inod in t p p sec tion t he eq tiona of th Be 

to I 

~il.-Tl W =±~croJ 
l'-l 

CT;) 

(To • 

S1Dce the coordina to Z no looger appears in the oxpres ions t those 

lanes are normal to the.Plane 7T • They form an irregular rim 

1ilaoribed in the elliptic oylind r of 1808. a i tude of t 01 tic _CLW6 

1s once aaa1n, as in th cue ot i s, indopcn t of the h1dro tatic c ponant 

ot the load vector. '!'he intereect10n of this pri wi th the lone Tr giv " 

contour ot tho elastic domain. ti 8 shovs t t thin contour can tn.-

ced in a remarkabl¥ plc ~, other halt of ths am;aecllll be 

,,1 th reepec t to tho oriaine. 

J 
lor k IZ '. Bide 1 ot the hexa n almost coin&ides wi the perpendicular to p 
(the posl Uon ot 1 in the fi6'U1"8 corresponding to k - 00 ). This eho 8 t t 

inc1"868ing k above the yalu.e , adda only a vary small cain to the elastic 1 

ding. r 'k c l~ 0 be n ia reduooo. to the line p/ ( ro urf'ac ). 

The atudy of the m&.y1 M allovs one to rediscover t 11-

known result I for a giVGll P
e 

there ~ contrary to crit 1 of 18 

an Win! to number of ftluea of p! for wh1ch Pi.. 18 max1IIlum and equal to ¥-( t - J,;.). ~ ~.uu fl"QD the tact that tho t of' the cootour 

d parJeI~ 'to Pi co1no14e 1th side 2 of the ugon. '1'be ext ities ot 
the load TeCtoi'll correapond1D6' to the CBS s of cylinders open, c10oed. and 111 

plane .train coJ¥i1tion _d Nspectively at th oints a, 1». and c of the fi a. 
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th lo.ti 

fraa 

tion, it do 

ro 

tio flow. 
p~ == H: ::: Pl -: Pe 

On t 0 , 11' load. uwugn 

( P.: =1= F~ =I=- Pe ) 0 0 

tion 1 .L~""~'" of 0 eo lave 
_ ....... "'_ ..... tq, 

-
(6) The ~ ice of 11 

eylind in 

fi. re 

can 

idered. 

tor t or tara 

a h3dros tic cons­

tieally ul~ trail 

protects cylind 

t isotropic 

la vema 

rei no 

of 1 stie 10 

n London 2nd • 1949 
.1. 
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